A unified theory on the transformation aid thermomechanical behavior of alloy materials is proposed in the processes of plastic deformation and martensitic transformation. A transformation condition is introduced to describe the start and progress of the transformation, together with the yield condition for plasticity. n i e constitutive equations, thermomechanical and calorimetric, are derived following the conventional col~tiriuum mechanics whereas the evolutional equations for the internal variables are obtained by solving a cor~ditional extremum problem. The heat conduction eq~lation is presented. The transformation kinetics is discussed to reach Magee's kinetics.
INTRODUCTION
Transformation Thermomechanics is devoted to describing the thermomechanical behavior of the materials in the process of transformations. Its final task might be to provide the effective methodology, microscopic and macroscopic, of designing the materials with the help of the transformation phenomena to meet the required specifications, on the strength and toughness, for example. It is first requested to establish a thcoretical framework which describa~ well the material response during transformations. When carrying out a successful heat treatment, the engineers not only need the macroscopic quantities induced in the materials such as the stress, strain, temperature and the volume fraction of the phases but also ask the information about the microscopic structural changes due to the metallurgical processes undergoing in the materials. The materials may deform plastically in the processes considered as is the usual cases in the application of the TRIP (transformation-induced plasticity) steels. The factors to be considered are so many when thinking about the engineering application of the theory.
The martensitic transformation is one of the topics to be investigated in transformation thermomechanics since it plays an important role in many engineering problems such as, for example, the material enhancement, shape memory effect and the transformation toughening. Intensive studies have been done in this field with their own material modeling. Miiller and coworkers [1,2] have established a theory based on the mixture theory with a non-convex free energy to predict the full and sub stress-strain hystereses under loading. The idea was generalized by Raniecki et al. [3] to the multiaxial and nonisothermal cases. Levitas [4] explained the experimental observation on the subsequent transformation start stress after the incomplete martensitic transformation by taking account of a new threshold value of the driving force. The propagation of the phase interface was discussed through the energy momentum tensor which relates to the driving force [5-81. Starting from the energy balance and the Clausius-Duhem inequality Tanaka et al. [9] derived the thermomechanical and calorimetric constitutive equations in the shape memory alloys, which was reformulated by Brandon and Rogers [lo] and Brinson [ l l ] in the different metallurgical processes. The derivation of the material performance on the macroscopic level from the microscopic material response is a theme to be solved both in micromechanics and transformation thermomcchanics. Fischer and Tanaka [12] attacked the problem by introducing hvo material structural levels; microregion and mcsodomain. It should be noted the work of Sun et al. [13, 14] who tried to establish a unified theory of transformation and thcrmomechanics in order to explain the transformation toughening in ceramics.
In this study, following Tanaka et al. [9, 15] , a unified theory on the macroscopic transformation and thermomechanical behavior of alloy materials is prcsented in the process of martensitic transformation. The alloy is assumed to deform plastically during transformation. The transformation condition is introduced to describe the start and progress of the transformation together with the conventional yield wndition which governs the plastic process. The evolution equations for the irreversible processes are determined by solving a conditional extremum problem. A full set of wnstitutive relations is, together with the heat conduction equation, presented. The transformation kinetics is discussed in the case of no plastic deformation.
MODELING OF MICROSTRUCTURES IN ALLOY MATERIALS
The alloy materials, which are in the process of martensitic transformation, are assumed to have two levels of microscopic structure; the microregion and the mesodomain [12] . The microregion is defined as the smallest structural element, which experiences the transformation and the associated spontaneous response when its thermomechanical state reaches a critical condition. The microregion represents the microscopic alloy behavior at a domain characterized by a habit plane which could be identified by the Eulerian angles between the local coordinate system attached to the microregion and the global coordinate system attached to the sample specimen.
A mesodomain is composed of enough large number of microregions, but is still small compared to the size of the samplc spccimen. The ensemble averaging over the mesodomain produces the uniform mesoscopic material properties. The mesodomain, therefore, represents the material behavior of a material point in the sense of wntinuum mechanics. In this study the attention is focused on constructing a unified theory of the thermomechanical and transformation behavior of the materials on the level of mesodomain by taking into account the material performance on the level of microregions.
The microregions can be always well classified into two classes: those which are not yet transformed and those which have already been transformed from the parent phase to the martensite phase thermally or athermally. If the transformation state of each microregion is measured by means of the micro-fraction 5 = -0 for the untransformed state or 5 = 1 for the transformed state, one could well define a so-called macro--fraction f , by averaging 5 over the mesodomain, to characterize the extent of martensitic transformation on the mesoscopic level. The macro-fraction f can be regarded as an internal variable in continuum mechanics to spccify the mesoscopic transformation state.
In each microregion a strain is induced spontaneously when the transformation takes place. The strain is, after being averaged over the mesodomain, observed as a mesoscopic stress-free transformation strain tensor E* . It should be noted that E* starts increasing just after the transformation starts at some microregions in the mesodomain. The microregions may exhibit the plastic deformation before the transformation as the parent phase, or just at the moment of the transformation or after it as the martensitic phase. Averaging these strains over the mesodomain one can assume that the elastic and plastic deformation state can be identified by the elastic strain and the plastic strain, respectively, on the level of the mesodomain. In order to describe strictly the situation, let us assume that the Green strain tensor E can be additively decomposed in the rate form, where Ee and EP stand for the elastic and plastic components, respectively. Similar decomposition of the rate of the entropy density q [16] is also assumed here by 7j = 7je+ 7 j p + 7 j * .
(2)
The thermomechanical process is then understood to be fully specified by a set of state variables where K specifies the work-hardening of the materials. The last six variables are the internal state variables.
. DESCRIPTION OF TRANSFORMATION/DEFORMATION PROCESSES
Starting from the energy balance and the Clausius-Duhem inequality, following the standard thermodynamic discussion, one can reach the constitutive equations in the elastic process and the dissipation inequality; where T denotes the temperature, and the Gibbs free energy Y, the second Piola-Kirchhoff stress tensor B and the material heat flux Q are introduced. The thermodynamic forces are defined by
The thermodynamic force K1 is called the driving force of transformation [17, 18] in metallurgy and the affinity in chemistry. For the sake of simplicity a notation is employed in Eq.(4)3 by introducing the following quantities: The generalized thermodynamic forces relating to the transformation and the plastic deformation, respectively, A generalized state variable Sd = (2, C, is also introduced for later use. The symbol * denotes the appropriate inner product between the corresponding quantities. It is worth noting here that the Gibbs free energy can be simply written by Y'= YJ(f.2; Kt; K'), (9) and, therefore, the same is true for the generalized thermodynamic forces K t = K t ( S d ; Kt; Kp), Kp = Kp(Sd; Kt; Kp).
(10) From Eq.(4)1,2 one can derive the thennomechanical and calorimetric constitutive equations in rate form if the elastic process is reasonably assumed not to be influenced by the irreversible processes where the material parameters D , 8 and c stand for the elastic moduli tensor, the thermoelastic tensor and the specific heat, respectively.
. CONSTITUTIVE EQUATIONS IN IRREVERSIBLE PROCESSES
The conventional plasticity [19] requires that the plastic process must be restricted by a loading condition which may generally be given in the prescnt context as f = f ( Q ; K t , K p ; ~t , ~j , ) = 0 and f = 0 .
(12) Similarly, the transformation is assumed here to undergo only under a transformation condition g = g ( O ; K , , K p ; K , , q ) = O and g ' = 0 .
For the moment it is enough to point out the fact that the condition (13) is often written by means of the thermodynamic force K1 only [17, 18] . It is also worthwhile to note that the time t is included in Eq. (13) as an implicit parameter through the state variables, which reflects the fact that the martensitic transformation is of diffusionless. The requirement of the second law of thermodynamics can be read as follows: The actual thermomechanical proccss maximize the dissipation 9 in Eq.(6) under the thermomechanical restrictions (12) and (13) . The problem can, therefore, be interpreted as a conditional extremum problem of In the conventional transformation-induced plasticity [24, 25 ] the strain rate due to transformation is derived by assuming a loading function, f in the present case, depending on the fraction of martensite c . It should be firstly noted that Eq.(12) is more general than their loading functions since it depends also on the state variables E* and TI* . The total irreversible strain rate Eir in their case is given by a sum of the usual plastic part and the part due to the transformation, in our context, by 
The constitutive equations of the internal variables K~ and K~ are now finally given by
The thcrmomechanical and calorimetric constitutive equations are obtained from Eqs. Taking into account the constitutive equations (IS), the dissipation inequality (6) reduces to Equation(25), together with the convexity condition of the dissipation potential, which should be read in the present context as claims that in the isothermal case, Grad T = 0, the plastic deformation and the transformation processcs undergo only when a G.0 (27) arc satisfied, rcspectively.
TRANSFORMATION KINETICS
The transformation kinctics is considered in the case of no plastic deformation, which corresponds to the conditions the shape memory alloys are used. Suppose that the transformation condition (13) is simply given by 
which leads to the following statement with respect to the classification of the processes: The martensitic transformation progresses if the thennomechanical load ( 2 , T ) moves so that the generalized -transfonnation driving force K is positive, and the reverse transformation progresses when the generalized driving force is negative. Just whcn the transformation starts, the condition (13) reads as which can be rephrased in such a way that the transformation starts under a thermomechanical load when the driving force KI reachcs a threshold value f s . The transfonnation start condition (32) is reprcscntcd by a planc in the X -T space [9.27] , which is often observed as a straight line under the uniaxial loading in the shape memory alloys and TRIP steels [28, 29] . The same discussion can be performed with regard to the transformatjon finish condition given by I where 5 f = 0.99 is often chosen in metallurgy as the value of volume fraction at the completion of transformation [30] and Eef, E*f and q*f stand for the elastic strain, the transformation strain and thc transformation cntropy density at that moment, respectively. Let us employ the Gibbs free energy [31] 
which reduccs TE = E*f and Tq = q*f .
The function k ( 9 in Eq. (28) 
In thc case of the reverse transformation, the form of the function k ( 9 may bc selected as to give a transformation kinctics of the form
